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Abstract. In this paper, we extend the related notions of Dirichlet quasi- 
minimizer, lj— minimizer and almost minimizer to the framework of multiple- 
valued functions in the sense of Almgren and prove Holder regularity results. 
We also give examples of those minimizers with various branch sets. 

Introduction 

In [2] F. J. Almgren, Jr. has developed a theory of functions defined on a bounded 
open subset fl of M™ with smooth boundary and taking values in the space Qq(R") 
of unordered Q tuples of points of M" (see [Tj for a summary) . In terms of Dirichlet's 
integral naturally defined for appropriate functions fl Qq(R") he obtained the 
following existence and regularity results: 

Theorem. For each appropriate function v : dfl — > Qq(M") there exists a function 
u : fl Qq(R") having boundary values v and of least Dirichlet integral among 
such functions. Furthermore, each such minimizer u is Holder continuous. 

Almgren introduced the machinery of Dirichlet minimizing multiple-valued func- 
tions in order to study the partial regularity of mass-minimizing integral currents. 
He proved that any m-dimensional mass-minimizing integral current is regular ex- 
cept on a set of Hausdorff dimension at most m — 2. In the present paper, we will 
define and study the regularity of Dirichlet quasiminimizer as well as a;— minimizer 
and almost minimizer in the setting of multiple-valued functions. 

The notion of quasiminimizer, introduced by M. Giaquinta and E. Giusti [7], 
embodies the notion of minimizer of variational integrals 

(1) J(u,rj) = / f{x,u,T)u) dx 

where is an open subset of M™, u : ft ^ M", Du = {Dau'}, a = l,...,m, 
i = l,...,n and f{x,u,p) : x M" x M™" — s- R , but it is substantially more 
general. By definition, a quasiminimizer u minimizes the functional J only up to a 
multiplicative constant, that is, there exists K > I such that 

J(m, V)<K J{u + (f), V) 

for each subdomain V that is compactly contained in and for each cf) £ C^{V). In 
the scalar- valued case and under suitable conditions on /, Holder continuity can be 
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derived directly from the quasiminimizing property. For more details of the state- 
ment above, as well as for more information on the properties of quasiminimizers, 
we refer to [6], [7] and [8]. 

An alternative notion called w-minimizer is considered in a paper by G. Anzellotti 
[3j. A function u G M") is a w-minimizer, where lo : {0,Rq) R is a non- 

negative function, for a functional J of the type H]) if one has 

J{u, C/™(a;, r)) < (1 + u;(r)) J(u + 0, U"\x, r)) 

for any ball f7™(x, r) C with r < Rq and for all functions (j) G W^'^{W{x, r), R"). 
If the functional J is the Dirichlet integral and limr^Qtoir) — then Anzellotti 
proves that u is locally Holder continuous. In addition the first derivatives of u are 
locally Holder continuous, with exponent 7, in SI provided < uj{r) < cr"^^ . 

Motivated by the question of boundary regularity of Dirichlet minimizing multiple- 
valued functions (more precisely, subtracting a suitable extension of boundary value 
from the original minimizer gives an almost minimizer), we also consider (c, a)- 
almost minimizer in the following sense: 

U^'ix, r)) < J{v, C/™(x, r)) + c r"-2+« 

for any ball U"^{x,r) C and for all functions v € W^'^{U"^{x,r),R") such that 
u = V on dU"^{x, r). Readers are also referred to for the discussion of almost 
minimizer in the study of ferromagnetism in R'^. 

This work is organized as follows. In Section [2] we define the notion of Dirichlet 
quasiminimizing multiple- valued functions and Holder regularity results are derived 
from two Almgren's estimates. We also construct a one-dimensional quasiminimizer 
with a fractal branch set. In Section [3] we prove a similar result to Anzellotti's 
Theorem for w-minimizing multiple-valued functions and we give an example of 
w— minimizer with a unique branch point. In Section[4]we prove a Holder regularity 
theorem for Dirichlet almost minimizing multiple-valued functions and construct a 
one-dimensional almost minimizer with a fractal branch set. 

1. Preliminaries 

In our terminology and notations we shall follow scrupulously [2] and [5]. Through- 
out the whole text m,n and Q will be positive integers. We denote by U"^{x,r) 
and B'^(x,r) the open and closed balls in R™ with center x and radius r. 

1.1. The metric space Qq(R"). The space of unordered Q tuples of points in 

R" is ^ 

Qq(R") = :^.i,...,7.QeR"|, 
where [[wi]] is the Dirac measure at Ui. This space is equipped with the metric Q\ 



\i— 1 i—1 / \i— 1 / 

where a runs through all the permutations of {1, ... , Q}. A multiple- valued func- 
tion in the sense of Almgren is a QQ(R")-valued function. 

There are a bi-Lipschitz homeomorphism ^ : Qq(R") Q* G R^'^^ where P is 
a positive integer, and a Lipschitz retraction p : R-^^ Q* with p\q* —Mq* (see 
Theorems 1.2(3) and 1.3(1) in [2]). 
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1.2. Afiine approximations. The set of all afSne maps M™ R" is denoted by 
A{m, n). \iv= (ui, . . . , «„) € A{m, n), we put 



A function v : Qq(R") is called afEne if there are vi, . . . ,vq € A{m, n) such 

1/2 

that V = E?=i[N]- Then we set = (e?=i \v^\^) ■ 

If n C R™ is open and a £ Q, a, function u : ft ^ Qq(R") is said to be 
approximately affinely approximable at a if there is an affine function v : R™ 
Qq(R") such that 

g{u{x),v{x)) 
ap lim j j = 0. 

x^a \x — a\ 

Such a function v is uniquely determined and denoted by ap^u(a). This is the case 
if ^ o M is approximately differentiable at a, and then 

{Up{£,)y^ \apD{£_ o u){a)\ < \apAu{a)\ < |api:i(^ o M)(a)| 

(see Theorem 1.4(3) in [2]). 

1.3. The Sobolev space 3^2 ([/,Qq(M")). Suppose U is an open ball in R"* or 
the entire space R™. 

(1) We denote by W^'^{U,W^) the Sobolev space of R"-valued functions on U 
which together with their first order distributional partial derivatives are 
C"^ square summable over U. 

(2) A function u € R") is said to be strictly defined if u{x) = y 
whenever x <EU,y <E R" and 

lim r"" / \u{z) - y\ dL"" z = 0. 



Any V £ W^'^{U,M.") agrees almost everywhere on U with a strictly 
defined u g M^i'2([/, R"). If u g W^L^ (;7,R") is strictly defined, then 

lim r"™ / \u{z) ~ u{x)\ dC^ z = 



for H""^ almost all a; € C/ (see Section 4.8 in 

(3) The space 3^2 {V, Qq(K")) consists of those functions u:U Qq(M") for 
which ^ o u e W^'"^ ({/, R^*^). We say that u is strictly defined if ^ o u is 
strictly defined. If m, w S 3^2 Qq(R")), we write u = v\i u(x) = v(x) for 
/:™ almost all x £V . 

(4) Suppose u £ 3^2 (C^, Qq(]R"))- Then u is approximately affinely approx- 
imable C"^ almost everywhere on U since ^ o m is (see Section 6.1.3 in [4J). 
The Dirichlet integral of u over U is defined by 



Dir(w;C/)= / \apAu{x)f dC'^x. 
Ju 
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1.4. The Sobolev space 93^2 {dU, Qq(M")). Suppose U C M™ is an open ball. 

(1) The space 93^2 {dU, Qq(M")) will be the set of those functions v : dU ^ 
Qq(R") for which there is a strictly defined u S 3^2 (K™, Qq(K")) such that 
u{x) = v{x) for H™"^ almost all x e dU (cf. Theorem A.1.2(7) and Section 
2.1(2) in [2J). Ifv,we {dU, Qq(M")), we write v = w if v{x) = w{x) 
for H"'-^ almost all x S dU. 

(2) If w e 93^2 (9?7, Qq(M")) we say that u has boundary values v if there is 
w € 3^2 (^K™, Qq(K")) which is strictly defined such that w\u = and 
ti'lau = V. We then write u\gu = v. If u is strictly defined, v agrees with u 

almost everywhere on dU. 

(3) One says that u : U ^ Qq(R") is Dirichlet minimizing if and only if u e 
3^2 {U, Qq(M")) and, assuming u has boundary values v € 93^2 {dU, Qq(R")), 
one has 

Dir {u; U) = inf {Dir (w; C/) : w e 3^2 Qq(M")) has boundary values v} . 

If w G 93^2 (<9?7, Qq(K")) then there exists a Dirichlet minimizing u G 
y2 {U, Qq(M")) that has boundary values v (see Theorem 2.2(2) in [2]). 

(4) For each v £ dy2{dU, Qq(R")), the Dirichlet integral ofv over dU is defined 
by 

diT{v;dU)^ [ \apAv{x)\^ dW^-^x 

JdU 

where the affine approximation apAv is with respect to dU. 

2. Dirichlet quasiminimizer 

Throughout this section K will be a real number larger than 1. 

Definition 1. A strictly defined function u e 3^2(t^™(0, 1), Qq(M")) is a Dirichlet 
K -quasiminimizer if for every ball U C [/™(0, 1), 

Dir{u; U) < K Dir{v; U) 

where v is a Dirichlet minimizing multiple- valued function having boundary values 
u\au &dy2{dUMQ{^''))- 

2.1. Regularity. For the convenience of the reader, we shall recall here a few 
known results that we are going to need later. We begin with a "Dirichlet growth" 
theorem guaranteeing Holder continuity: 

Theorem 3.5.2 in [15]. Suppose u G W^^p{B''^{xo,R)), 0<(j <\ and 
[ \Vu{x)Y' dx <C {r/5)"'~P+P'' , Q<r<6 = R-\z-xo\ 

J B{z,r) 

for every z G B{xo,R). Then 

uG C°'"(B™(xo,r)) 

for each r < R. 

We recall Almgren's estimates for 2-dimensional and higher dimensional do- 
mains: 

Section 2.7(2) in [2\. Suppose v G 93^2 (^{/^(x, r), Qq(]R")) . Then there exists a 
multiple-valued function u G 3^2 {U'^{x, r), Qq(R")) such that 
(1) u has boundary values v, 
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(2) Dir{u;U'^ix,r)) < Qr dir {v; dU'^ (x , r)) . 

Theorem 2.12 in [2j. Lei to > 3 be an integer. If f e 3^2(f/'"(a;, r), Qq(M")) is 
strictly defined and Dirichlet minimizing then 

Dirif;U"\x,r)) < r dir{f ■ dU"' [x , r)) 

where Q < £q < \ is a constant. 

Theorem 2. Suppose that u G 3^2 (C/^(0, 1), Qq(K")) is a strictly defined Dirichlet 
K-quasiminimizer such that Dir (u; {0 , 1)) > 0. Then the following assertions 
are checked: 

(1) Suppose z e U^{0, 1). Then for C} almost all < r < 1 - \z\, 

Dir{u;U^{z,r)) < KQr 4 Dir{u-,U'^{z, s))\s^r- 
ds 

(2) For each z e [/^(o, 1), < r < 1 - \z\, andQ<s<l, 

Dir{u;U^{z,sr)) < Dir{u-, {z , r)) . 

(3) f\B^(o,5) *s Holder continuous with exponent for allQ < 5 <\. 

Proof. Let v G 3^2(t^^(^, J'), Qq(K")) be a Dirichlet minimizing multiple-valued 
function with boundary values u\Qu2i^^^^y It follows from Section 2.7(2) in [2] that 

Dir(u; U'^{z, r)) < K Dir(w; U'^{z, r)) < KQr dir{u; dU^{z, r)). 

Using the fact that the function (j){r) =Dir(u; [/^(z, r)) is absolutely continuous 
with 

0'(r)= / \apAu{x)\^ dn^x>div{u;dU^{z,r)) 

for almost all < r < 1 — |z|, we obtain the first assertion. One derives (2) from 
(1) by integration. In order to verify (3), one notes that conclusion (2) implies for 
each z € U^{0, 1), < r < 1 - \z\, and < s < 1, 

Dir(^ ou;C/2(z,sr)) < Up{^f BiiiuiU^iz, sr)) 

< Up{^f Dir(u; U^{z, r)) 

< Lip(^)^ Dir(C o u; U'^{z, r)) 

Let us fix < (5 < 1. Theorem 3.5.2 in fl5] apphed to the function ^ o u implies 
that 

and the third assertion is checked since ^ is bi-Lipschitz. □ 

The regularity result is weaker for higher dimensional domains since we need an 
extra assumption ^ on the size of K. This assumption on K is necessary since M. 
Giaquinta presents in |6j a single-valued quasiminimizer for the Dirichlet integral 
which is singular on a dense set. 
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Theorem 3. Let m > 3 be an integer. Suppose that u G 3^2(J/™(0, 1), Qq(M")) is 
a strictly defined Dirichlet K -quasiminimizer such that Dir{u; [/™(0, 1)) > 0. // 

(2) 1<K < ' 



(i-£q) 

then there exists a constant < a = a {K, £q , to) < 1 such that the following 
assertions are checked: 

(1) Suppose z e C/™(0, 1). Then for O almost all < r < 1 - \z\, 

Dir{u;U'^z,r)) < — r ^ Dir{u;U"\z, s))\s=r. 

(m — / + Za) as 

(2) For each z e U"^{0, 1), < r < 1 - \z\, andO<s<l, 

Dir{u]U"'{z,sr)) < 3"'-^+^" Dir{u; U"" {z , r)) . 

(3) /Is™ (0,5) is Holder continuous with exponent a for all < 6 < 1. 
Proof. We fix < cr < 1 requiring that 

TO- 2 



K{l-eQ) 



> TO - 2 + 2cr. 



Let V e 3^2(f^™(z, r), Qq(M")) be a Dirichlet minimizing multiple-valued function 
with boundary values w|ac/m(z,r)- It follows from Theorem 2.12 in [2] that 

Dir(w;C/"(z,r)) < if Dir(w; C/"(z, r)) 

< K (^—-^]rdir(v;dU"'{z,r)) 

\ TO — 2 / 

^ 7 ^-TrTrMu;dU"\z,r)). 

(to — 2 + 2a) 

Using the fact that the function 0(r) —'Dir{u;U"^{z,r)) is absolutely continuous 
with 

0'(r) / \sipAu{x)f dn'^-^x > dir(M; r)) 

ja;7™(z,r) 

for £^ almost all < r < 1 — |z|, we obtain the first claim. One derives (2) from 
(1) by integration. In order to conclude, one notes that the second claim implies 
for each z e C/'"(0, 1), < r < 1 - |z|, and < s < 1, 

Dir(^ o u; U"\z, sr)) < Lip(0^ Dh(u; [/"(z, sr)) 

< Lip(0' s"-2+2- Dir(M; C/™(z, r)) 

< Lip(C)^ Dir(eou;L/'"(z,r)) 

< Lip(0^ Dir(C o w; [/"(0, 1)) s™-2+2'T. 

Let us fix < 5 < 1. Theorem 3.5.2 in [l5j| apphed to the function ^ o u implies 
that 

Coue C°'"(S'"(0,(5)) 

and the third assertion is checked since ^ is bi-Lipschitz. □ 
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2.2. Branch set of quasiminimizer. 

Definition 4. Assume the multiple-valued function u : U"^{0,1) — > Qq(M") is 
continuous. Define the function a : U"^{0, 1) {1, . . . , Q} as 

<t{x) — card {spt {u{x))) 

for all X e [/"(0, 1). Then, the closed set 

S = {x G ?7™(0, 1) \ <J is discontinuous at x} 

is called the branch set of the continuous multiple-valued function u. 

Almgren proved that the Hausdorff dimension of the branch set of a strictly 
defined and Dirichlet minimizing u G 3^2(t^'"(0, 1), Qq(M")) does not exceed m — 
2 (see Theorem 2.14 in [2]). Here we will construct a one-dimensional Dirichlet 
quasiminimizer with a fractal branch set. This construction can be adapted in 
order to obtain a one-dimensional Dirichlet quasiminimizer with a branch set of 
positive 1-dimensional Lebesgue measure. 

The following result characterizes Dirichlet minimizing multiple- valued functions 
in codimension one. 

Theorem 2.16 in [2j. Suppose v G 93^2(9C/'"(0, 1), Qq(R)) andvi,...,VQ : 
9J7™(0, 1) M are defined by requiring for each x G 9J7'"(0, 1) that v{x) — 
T.Zi[[<x)]] and vi{x) < V2{x) < ... < vq{x). Then v, G dy2{dU'^iO,l),R) 
for each i = 1, . . . ,Q and u G 3^2(t^™(0, 1), Qq(R)) is strictly defined and Dirichlet 
minimizing with boundary values v if and only if u — corresponding to 

ui,U2, . . . ,uq G 3^2(t^™(0, 1), M) which are the unique harmonic functions having 
boundary values vi,V2, . . . ,vq respectively. 

This last theorem implies the following characterization of Dirichlet quasimini- 
mizers in dimension and codimension one. 

Theorem 5. A multiple-valued function u G 3^2((— 1, 1), Qq(K)) is a Dirichlet 
K- quasiminimizer if and only if for every interval (a, b) C (—1, 1), 



Proof. Let (a, 6) C (—1,1). We define the functions vi,...,vq : d{a,b) ^ R by 
requiring for each x G d{a, b) that u{x) = J2?=i[['^ii^)]\ vi{x) < V2{x) < . . . < 
vq{x). By Theorem 2.16 in [2], the Dirichlet minimizing multiple-valued function 
coinciding with u on d{a, b) is given by 



Dir{u, (a, 6)) < K 



g\u{b),u{a)) 



b — a 




and 




gHuib),u{a)) 



b — a 



□ 
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We will now produce a Dirichlet quasiminimizer with a fractal branch set. We 
begin with some definitions: 

(1) A diamond above an interval / = [a, 6] C R is a multiple-valued function 
u : [a,b] Q2(R) whose the graph is a parallelogram with the following 
vertices [a,h], [{a + b)/2,h], [{a + b)/2,h+ {b- a)/2], [b,h + {b- a)/2] where 
h€R. 

(2) A pluri-diamond is a multiple-valued function u : [0,1] Q2(K) which 
admits a partition of [0, 1] in intervals {Ij} such that 

- M is a diamond above Ij or a map of the form x 2[[x +Pj]] above Ij 
where pj gM., 

- u is continuous on [0, 1]. 

Figure 1 gives examples of pluri-diamonds. It is clear that a pluri-diamond u is 
Lipschitz with Lip(w) < ^/2. We record two lemmas for later use: 

Lemma 6. A pluri-diamond u is a Dirichlet 4-(luasiminimizer. 

Proof. Let Umin, Mmax : [0, 1] ^ M be such that u = [[wmin]] + [[umax]] and Umin(a;) < 
Uaia.x{x) for all X S [0, 1]. For every interval [a,b] C [0, 1], we have 

g'^{u{b),u{a)) > i (|Umin(6) - Umin(a)| + |Wmax(fc) ^ Wmax(a)|)^ 




^ 2 ^ 



and 



- a) fa |ap^u(a;)p dx _ {b ~ a) <,i„(a;) -I- u'l^^{x) dx 



g^u{b),u{a)) g^{u{b),uia)) 



2 {b-af 

- g^{u{b)Mo))-^ 



hence m is a Dirichlet 4-quasiminimizer by Theorem [H □ 

Lemma 23.7 in [17]. Let VL he an open subset of M™, 1 < p < oo. // {ui\ is a 
hounded sequence in Vl^^'P(ri) such that Ui ^ u in LP{fl) then u G W^'P{il) and 

||Vw||p < liminf II Vuillp. 

i — >oo 

We will now create a particular sequence of pluri-diamonds {u*}. We define 
: M ^ Q2(IR) by requiring that 

- is a pluri-diamond, 

- «i(l/3) = 0, 

- is a diamond only above [1/3,2/3]. 
We define : M — > Q2 (K) by requiring that 

- is a pluri-diamond, 

- w2(l/3) = 0, 

- is a diamond only above the intervals [1/3, 2/3], [1/9, 2/9] and [7/9, 8/9]. 
The reader will easily imagine how the remaining terms of the sequence are 

defined. For each « € N, we define wJnin, ul^^^ : [0, 1] ^ M by requiring that 

u'{x) = [[M,ni„(a:)]] + [[u^ax(2^)]] and ul^^^ix) < ul^^^{x) 



REGULARITY OF DIRICHLET NEARLY MINIMIZING MULTIPLE-VALUED FUNCTIONS 9 




for all X e [0, 1]. One can checks that 

Lip(wmi„) = Lip(w^,a^) = 1 

for each z e N. By Ascoli's Theorem, we can extract two subsequences still denoted 
{^min} ^iid {w^jax} and there exists two 1-Lipschitz functions Umin, Umax : [0, 1] ^ M 
such that {ujjjjjj} and {u^^^^} converge uniformly to Umin and Umax- We define the 
Lipschitz multiple- valued function u : [0, 1] Q2(M) by 

(3) U = [[Umin]] + [[Umax]]- 

Proposition 7. The multiple-valued function u defined by ^ is a Dirichlet 4- 
quasiminimizer and the branch set of u is the Cantor ternary set. 

Proof. We estimate for any interval [a, b] C [0, 1], 



b 



|apAu(x)| dx = / {u'^;^{x)) +«^^(a;)) dx 



I — >oo 



b 



< liminf / «iin '(a:)) + ("max '(a^)) dx 



liminf / |apAu*(a;)p dx 

Ja 

g^{u%b),u'{a)) 



< 4 liminf 

i-H-oo b — d 

l"mm(^) - <in(«)P + Kax(&) " Wmax(a)P 



4 liminf 



6 — a 

_ ^ |Mmin(&) - •»min(Q)P + |Mmax(&) " Mmax(a)P 

b — a 

^ g\u{b),u{a)) 
b — a 

where the first inequality follows from Lemma 23.7 in and the second inequality 
is a consequence of Lemma El By Theorem [H the multiple- valued function m is a 
Dirichlet 4-quasiminimizer. We denote the Cantor ternary set by 

where Ti = [0, 1/3] U [2/3, 1], T2 = [0, 1/9] U [2/9, 1/3] U [2/3, 7/9] U [8/9, 1], etc. We 
can make the following observations: 
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(1) If a; e T then ■u^ji,j(a;) = Umax(^) for « e No hence Umin(a;) = Wmax(a;). 

(2) If X ^ T then there exists i € No such that x ^ Tj for each j > i. By 
construction, there exists a constant > such that it4ax(2^) ~ ""minl^) = V 
for each j > i hence Umin{x) ^ Umaxix). 

We deduce from (1) and (2) that 

{a; e [0, 1] I card (spt(M(x))) = 1} = T 
hence the branch set of it is T since it contains no interval. □ 

It is clear that this construction can be adapted in order to obtain a quasimini- 
mizer with a fat Cantor branch set. 

2.3. Application. Let a E L°°([/™(0, and consider the following functional 

J(u;t/"'(0,1)) = / a{x) \apAu{x)\^ dC^x 
Ju"^(o,i) 

defined for each u e 3^2 ({/"(0, 1), Qg(R")). One says that u : U"^{0, 1) ^ Qq(R") 
is J— minimizing if and only if u G 3^2 ('^'"(0, 1), Qq(M")) and, assuming u has 
boundary values v € 93^2 {dU^^iO, 1), Qq(M")), one has 

J {u; C/"(0, 1)) = inf{ J (w; (7"(0, 1)) : w e 3^2 (C/"(0, 1), Qq(K")) 

has boundary values v}. 

Theorem 8. Let m > 2 be an integer. Assume v e 53^2 (i9J7"(0, 1), Qq(M")) and 
a{x) > 7 > for almost all x € /7™(0, 1). Then there exists a strictly defined 
J— minimizing u G 3^2 (J7'"(0, 1), Qq(R")) that has boundary values v and 

(1) if m — 2, u\g2(^f^ g^ is Holder continuous for all < d < 1; 

(2) if m > 3 and 

\\a\\oo ^ 1 
7 ~ l-SQ 

then u\b"^(o.s) is Holder continuous for all < 6 < 1 . 

Proof. The existence proof is a direct adaptation of the proof of Theorem 2.2(2) in 
The regularity follows from the fact that u is a Dirichlet -quasiminimizer. 
Consequently it remains to apply Theorem [2] or Theorem [31 □ 

3. Dirichlet w-minimizer 
Throughout this section uj : (0,oo) — > R will be a non-negative function. 

Definition 9. A strictly defined function u E 3^2(C^™(0, 1), Qq(IR.")) is a Dirichlet 
uj-minimizer if for every ball U™'{x,r) C C/™(0, 1), 

Dir{u; [/"(a;, r)) < (1 + oj{r)) Dir{v; C/™(a;, r)) 

where v is a Dirichlet minimizing multiple-valued function having boundary values 
u\9u^i.,r) e 93^2 (a[/"(x,r),QQ(M")). 
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3.1. Regularity. The following regularity result is a direct consequence of Theo- 
rem [2] and Theorem [31 

Theorem 10. Let m > 2 be an integer. Suppose that u G 3^2(t^™(0, 1), Qq(R")) 
is a strictly defined uj-minimizer such that Dir{u; L/™(0, 1)) > 0. // 
lim,.^o^('') = then 

«eC°„,-(l/™(0,l),QQ(M")) 

for some < a < 1. 

3.2. Branch set of cj— minimizer. We will construct a one-dimensional Dirichlet 
w— minimizer with a unique branch point at the origin. First of all, we show that 
a one-dimensional single-valued w— minimizer does not have to be a straight hue 
even if limr^o ^(^) — 0- 



Proposition 11. sinx : (— 7r/4,7r/4) 

w(r) 



sin^ r 



is a Dirichlet uj—minimizer with 



- 1 \ as r \ 0. 



Proof. It is easy to check that 

px+r 

Dir(sin(-);?7^(a;,r)) = / {cos.sfds 

J x — r 



sin 2{x + r) — sin 2{x — r) 



cos 2x sin 2r 



The Dirichlet minimizer v with boundary values v{x — r) = sin(a; — r) and v{x + r) = 
sin(x -t- r) is the straight line with slope 



sin(x + r) — sui{x — r) 



hence 



Biv{v;U'^{x,r)) 



2r 



sin(a; + r) — sin(a; — r) 
2^ 

2 cos^ X sin^ r 



2r 



Now it suffices to show that 

cos 2x sin 2r 



(4) 



+ r < {l+uj{r)) 



2 cos^ x sin^ r 



2 ■ ■ " r 

for any J7^(x,r) C (— 7r/4, 7r/4). Define the function 



W{x,r) = 



cos 2x sin 2r 



I 



2 cos^ X sin^ r"' 



Denote 



where 



W{x,t) 



. . 2 H{x,r), 
4 sm r 



H{x,r) 



r cos{2x) sin(2r) + 2r^ 
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We have 



For r e (0, 1], 



dH 2r sina; , . ,^ 
— = ^(2r-sin(2r)). 

OX COS"^ X 



— <0, forxe (-^4,0], 
BH 

— > 0, forx e [0,7r/4). 
ox 

Since W^(x,r) is an even function of x, we conclude 

W^(x,r) < Vl^(7r/4,r) = — Vx G (-7r/4,7r/4) 
sin r 

which proves (0]). □ 

We are ready to construct a one-dimensional Q2(R)— valued w— minimizer with 
a branch point and limr^o^(^) — 0. 

Proposition 12. The multiple-valued function 

u{x) = [[x]] + [[sinx]] : (-7r/4,7r/4) ^ Q2(R) 

is a uj—minimizer with 

2 

uj{r) ^ 1 \ as r \ 0. 

sin r 

The origin is a branch point of u. 

Proof. Proposition [12] is a direct consequence of Proposition [11] since the Dirichlet 
minimizer v with boundary values u{x — r) = [[x — r]] + [[sin(a:: — r)]], u{x + r) = 
[[x + r]] + [[sin(a; + r)]] is two straight lines connecting x — r with x + r and sin(a; — r) 
with sin (a; + r). □ 

Let us mention that the authors ignore the maximum Hausdorff dimension of 
branch sets of w-minimizers. 



4. Dirichlet almost minimizer 
Throughout this section c > and < a < 1 are real numbers. 

Definition 13. A strictly defined function u e 3^2(C^™(0, 1), Qq(M")) is a Dirichlet 
{c,a)-almost minimizer if for every hall U™{x,r) C J7™(0, 1), 

Dir{u; U"\x, r)) < Dir{v; C/™(x, r)) + cr"-2+" 

where v is a Dirichlet minimizing multiple-valued function having boundary values 
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4.1. Regularity. For the convenience of the reader, we shall recall a few results 
that we are going to need later. 

Section 2.9 in [2]. Corresponding to numbers < sq < oo, 1 < K < oo, and (not 
necessarily distinct points) qi, . . . ,qQ € R" we can find J G {1, . . . , Q}, fci, . . . , fcj G 
{1, . . . , Q}, distinct points pi, . . . ,pj £ {qi, . . . , qq}, and sq <r < Csq such that 

(1) \Pi - Pjl > '2Kr for each 1 < i < j < J, 

(2) G{EtME'LH[Pr]])<C{Q)so/iQ^iy^', 

(3) z e Qq(M") with g (z,E?=i[te]]) < so implies G (z.^ti HM) < r, 

(4) in case J = 1, cljam(spi (^f^ Jfe]]) ) < C(Q)so/(Q - 1); here 

C{Q) - 1 + [{2K){Q - 1)2] ^ + [{2K){Q - 1)^]' + . . . + [{2K){Q - if]"^-' . 
Section 2.10 in [2J. Corresponding to 

(1) Je {1,2,...,Q}, 

(2) ki,k2, . . . , fcj e {1, 2, . . . , Q} with fci + fca + . . . + fcj = Q, 

(3) distinct points pi,p2, ■ ■ ■ ,pj G M", 

(4) < si < S2 = inf {|p, -Pj\:l<i<j <J}, 
we set 

Q 

P = Qq(R") n {Y,M] : <zi, . . . ,gQ e M" mi/* 

1=1 

card{i : qi G B" {pj, si)} = kj for each j = 1, . . . , J}. 
T/ien there exists a map $ : Qq(]R") P smc/i that 

(1) $(9) = g whenever q € Qq(M") wii/i G (g,Eti < si, 

(2) *(<Z) = E/=i ^jlbj]] whenever q € Qq(M") mtft G (q,ELi k^[[P^]]) > ^2, 

(3) G (9, <i>(9)) < G (g, Eti fc4[P.]]) /or each q G Qq(K"), 

(4) Lip <^ <l + Q^/'^si/{s2- si). 

Theorem 2.12 in [2]. For z e Qq(R") wi^/i Giz,qo) > r, 

(1) > so. 

(2) G{z,qo) < G{z,q) + G{q,qo) < G{z,q) + j^^^ < [1 + C2(g)]g(z, g), 
whereC2{Q)^j^^^. 

(3) G{z, q) < G{z, qo) + G{qo,q) < G{z, qo) + ^Q^^ly/2 < + C^2(Q)]e(^, go). 
Additionally, we define 

< So < r < si = K^^S2 < S2 = 2-Mnf{|pi - Pj\ : 1 < i < j < J}- 

Let <i> : Qq(R") Qg(M") be the semi-retraction mapping constructed 
in Section 2.10 in [2] corresponding to J,ki, . . . , kj,pi, . . . ,pj, si, S2 above. 
For each p G Qq(M") 

G iHp),p) < Giqo.p) = 2 [Giqo.p) - 2-'Giqo.p)] 

so that 
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(4) gmp),p)<2[g{p,qo)~Si/2]. 

Theorem A.1.6(17) in [2J. Suppose f G J^2(<9;7™(0, 1),R"), g e V,0 < r < oo, 
and 

A = dB"\0, l)n{x: \f{x) -q\>r} 
with < ma{m)/4:. Then 



2-i-4/(™--i)^2/7r)2™-4+2/(m-i)(^ - l)/3(m)-i / {\f{x) - q\ - rf dTT-^ 

J A 

< dirif;A). 

We are aiming to prove the following theorem: 

Theorem 14. Suppose u G 3^2(t^'"(0, 1), Qq(K")) is a strictly defined Dirichlet 
(c, a)-almost minimizer such that Dir{u; C/™(0, 1)) > 0. Then 



"eC°'nf/"(0,l),QQ(K")) 



for some < a < 1. 



We first prove an energy growth estimate for points with small normalized energy. 
This estimate is divided into two parts, on strong branch points (see definition 
below) and non-strong-branch points. Then we show that the energy density is 
zero for every point in the domain, which completes the interior regularity. 

Definition 15. For a multiple-valued function u, we define the strong branch set 
to be 

Bu = {x E ?7™(0, 1) : X is a Lebesgue point of^ o u, 

o po AVr^x{£, o u) = Q[[br]], for any small enough radius r > 0, 6^ G M"}. 

where AVr,x{£, ° u) := j'gijmi^^ ° ^- Obviously, x G Bu implies that u{x) = (5[[j/]] 
for some y G M". 

Lemma 16 (Hybrid Inequality). There is a positive constant C, depending only 
on m,n,Q,c,a such that ifO<X<l,0<p<l and u is a strictly defined 
{c, a)— almost minimizer, then 



(5) Ep/,{u)<XEpiu) + C 



p^ + X-^p""' / \^ou-p,\^dx 

for any constant vector p, G R^*^, where Er{u) — r^^"^ Dir{u\ C/™(0,r)). 

Proof. We first use Fubini's Theorem as in Section 2.3 in [Tl], to obtain a radius 
p/2 < r < p so that u|aC/'"(0,r) G 53^2(at/'"(0, r), Qq(R")), 



(6) 



(7) 



/ |Vtan"l'rf^™"'<8 / \Du\^dx, 

/ \^ou- p\^dn"'-^ <% j \£,ou~p\^dx. 



REGULARITY OF DIRICHLET NEARLY MINIMIZING MULTIPLE-VALUED FUNCTIONS 15 



Let h : U™{0, r) Qq(M") be Dirichlet minimizing with boundary values u\dU™{0, r). 
\Dh\'^dx 



U"^(0.r) 



0(7-" (0,r) 
( 

aU'"{0,r) 



, , d{(oh) \ 











1/2 






dh 
dr 


2 


1/2 


< 


I \£,oh 


- fi\^dn"'- 


-1 




/ 

JOB" 


HO,r) 


dvr^^^ 












1/2 






dh 
dr 


2 


1/2 




f \i0U 




-1 




/ 




dU""-^ 





By Section 2.6 in [2], 



/aC/"(0,r) 

Therefore. 



dh 
dr 



dn"'-' < 



iVta^hfdH' 



2 jn_/m-l 



r r 

/ \Dh\^dx< [ \^ou- fil^dH""-^ [ 



2 j-L/m-1 



/a(7™(0,r) 



IVtan^rrfW 



1/2 



and 

E,/2iu) = (p/2)2-"Dir(u;;7™(0,p/2)) 
< (p/2)2-™Dir(u;J7'"(0,r)) 



2-m 



< (p/2) 
+ 2™-2cp". 



/ \Dh\^dx + cr 



m~2+a 



2 J-Jj™-1 



9C/'"(0,r) 



1/2 



JaU"^(0.r) 



ldU"^(ia.r) 



1/2 



1 A„2 



Then we obtained the desired estimate by applying the inequality ah < ^(5a 
^^"^6^, with S = ^ and using ([6]) ([7]) as follows 



Ep/2iu) < 



2"~2cp" 

, 2-m 



< 



(!)■ 



AS 



C/™(0,p) 



\Du\^dx + Ad- 



'C/™(0,p) 

1^ o u - fil'^dx + 2'"-2cp" 



C/™(0,p) 



< A£;p(w) + C 



1^ o u — /ipdx 



where C = max{2™-2^, 4"}. 



□ 
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Let US introduce the family of functions that we will "blow up": 

T ={ue 3^2(C/'"(0, 1), Qq(M")) : u is (c, a) - almost minimizing and G B„} 

Lemma 17 (Energy Improvement). There are positive constants eo,rQ,ri and 9 < 1 
so that, for any (c, a)— almost minimizer u ^ T with Er„{u) < e^, one has 

(8) Eer{u) < r^ i^'max{77r",£;^(u)},VO < r < tq, 

where the constant < 0^2.13 < 1 is defined by Theorem 2.13 in [2]- 

Proof. If this theorem were false, then for any fixed positive 6 < 1/2, there would 
exist (c, a)— almost minimizers Ui G T and ^ for which 

(9) r-^'EgrM)^^ 
as I ^ cxD, but 

(10) Sen(M,) > r^ ^^e? 
for all i. The above relation ([9]) clearly implies that 

e~^r" ^0, as i — > 00. 

We define the blowing-up sequence Vi : J7™(0, 1) Qq(M") by 

Vi{x) = A^(e~^)tt o [uiirix) - o p o ylV;,,o(C o ■"«)] , 

where the subtraction makes sense because o p° AVnfii^oui) — Q[[bi]] for some 

The Dirichlet energy of Vi is clearly uniformly bounded by 1. As for the norms, 
we have 

{u,ir,x) -C^opo AK.,o(e ° Wz), QM]) dx 

C/"(0,1) 

(u, o n{r,){x) -C^opo AVi,oi^ °UrO p{ri)), Q[[0]]) dx 

C/'"(0,1) 



< Lip(r')2 Lip(p)2 / 1^ 



' oUlO p{ri){x) - AVi,o(C o Ui o p{ri))\^dx 

•(04) 

< C Lip(r')' Lip(p)2 Dir (e o o /i(r,); C/™(0, 1)) 
= C Lip(r')' Lip(p)2 



where the second inequality comes from the Poincare inequality (see Corollary 6.1 

in m)- 

Using compactness theorem for multiple- valued functions (see Theorem 4.2 in p[9]), 
there is a subsequence of Vi (still denoted as Vi) such that Vi converges weakly to 
V € 3^2(C^™(0, 1), Qq(M")). Moreover, by similar argument as in Section 6.4 of [18j. 
we can show that this convergence is actually strong and v is Dirichlet minimizing. 
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Let's estimate the extra term in the hybrid inequality 
f \^ o Ui - AVrfii^ o Ui o ij,{ri))f dx 

Ju'"(0,rri) 

= 4 ° Ui{rix) - AVr,o{$, °Ui° IJ'{ri))f dx 

Ju"'{0,r) 

^ (j^2-m / \D(^ o Ui o ij,[ri))\'^dx (by Poincare inequality) 



= C7(eO'r2-'"/ \Dvi\'^dx 

< C{eif'r^~'^ I \Dv'^dx (by strong convergence) 

Ju"^{0,r) 

< C(ei)V^"™r'""^+^'^"-i='Dir(w; ?7™(0, 1)) (interior regularity of Dirichlet minimizer) 
= C(ei)V2'^=i^ 

Applying the hybrid inequality to Ui with p = 26ri, we get 



{20 



(^ o Wj o /x(rj))| dx 



< XE2en{ui) + C [{2erif + X-'C{eif{2ef^--''] 

Choosing a positive integer k = k{6) for which 2''9 < 1 < 2*^+^0, we iterate k — 1 
more times to obtain (we suppress all universal constant as C) 

k k 



3=1 j=l 

net \ n2ui2.i3 

= X'^2^-h1 + aenT,^-^ + ___5_-CA-^e^--(e,)' 

A'=2™-2 + (rfe-2) — + 5 CX-^O^'^'' ^^ 

V » « M - 2'*A 1 - A • 22'^2-i=* 

TO + tx;2.13 

Taking A = ^ , we have 

^fe _ 2'"~2 _ Qm+ui2.i3 . 2"*~2 _ Qm _ 2™~2 _ ^W2.i3 <^ (1/2)"* • 2"*~'^^'^^-^^ < ^'^2.13 

m + tJ2.i3 rn + UJ2.13 

Since A = ^ k < (2"*^) k = 2-^"'+'^^-^'>\ 

-CA-^e^'^^ 1^ < — —6 n e'^^^-'' 



where M ■ 



1 - A • 2 



l2uJ2 



2UJ2.13 



= MO 



m + UJ2 I's 

<^2.13 ^^^-2.13 



1-2" 



TO + a;2.i3 



Let's choose 9 small enough such that 6 ^ < 1/4M. This is possible 
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because it is equivalent to 

m + t^2.i3 

Notice that 9 > 2~^~^, the right side of above one is greater than 

2-(/c+l)(m+W2.i3)/fc /4jVf 

which is bounded from below although when 9 goes to zero, k goes to infinity. 
Notice that e~^?'f ^0, as i ^ oo, for i sufficiently large enough, we have 

contradicting the choice of Ui in lfTO|) . □ 

Iteration of |[8l) as Section 3.5 of [TT] leads to the following energy decay estimate. 

Theorem 18 (Energy decay for strong branch points). If u E T is {c, a) -almost 
minimizing, with ^o"™ /(7">(o ro) 1-^'"!^ — ^o; then 



/ \Du\^ <Cr", forQ<r <ro 

Ju"'(0.r) 



IU^(0,r) 

where eg is as in the Energy Improvement. 

Now we turn to non-strong-branch points and are going to prove an energy decay 
estimate by induction on Q. In particular, without loss of generality, we assume 

C^opo AVi,o{^ o u) ^ Q[[y]] for any y € M". 

Let q* = poAVi,o{£,ou),q = ^-\q*) = E^li and go = E/=i ki[\pi]] is obtained 
from q using Section 2.9 in [2]. By the argument in Section 3 of [18], J > 2. 

Lemma 19 (Construction of a comparison function). Assume m,n,Q >2 and u G 
3'2(C^'"(0, 1), Qq(IR")) is a strictly defined {c, a)— almost minimizer. Let tq > be 
a real number such that 

-2Lip{p)Lip{r'){i + c2{Q)y' 



So 

j.m — 1 



Lip^iftq'^ < ma{m)/4. 



If u satisfies dir{u;dU"^ (0,1)) < tg , then there is a comparison function g G 
3^2(?/"(0,1),Qq(M")) satisfying the followings: 

(1) g = u ondU"'{0,l), 

(2) g\u^(o,i-tQ) = Eti y'here g, £ 3^2(C/'"(0, 1 - tg), Qfc.(M")) is Dirichlet 

minimizing and X^iLi — Qj 

(3) Dirig; C/"(0, 1) ^ C/"(0, 1 - tg)) < Sq dir{g- aC/"(0, 1)), 

for some constant Sq. 

Proof For each a; e B"(0,1) - B™(0,1 - ig), we define r : B™(0, 1) - ^'"(0,1--*^ 
M and E,G,H : B"(0, 1) - S"(0, 1 - tg) ^ R^'? by 

T{x)^tQ\l-\x\), 

Fix)^C°u{x/\x\), 

H{x) = ^ o $ o u(a;/|a;|), 

G{x) = (1 - T(a;))F(a;) + r(x)iJ(a;). 
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Define g : B"(0, 1) ~ 5^(0, 1 - ig) ^ Qq(K") by 

5|B"(0, 1) ~ i?'"(0, 1 - ig) = r ' ° P o G|i?'"(0, 1) ~ i?™(0, 1 - tQ). 

On 9B™(0, 1), g{x) = u{x). On aB'"(0, 1 - ig), ^(a;) = $ o = ^ti 

where h, e dy2{dB"^{0, 1 - tg), Qk, (K")), for each i = l,...,J. 
Let gi e y2{U"^{0, 1 — tg), Qki (R")) be a Dirichlet minimizing function with bound- 
ary hi and g\B"'{0, 1 - tg) = Eiift- This completes (1) and (2). 
By the definition of g, 



L 
-L 



C/"'(0,l)~C/'"(0,l-tQ) 



< 



U'"{0,l)~U"^{0,l-tQ) 

[Lip(r')Lip(p)]' / 



opoG{x))\'^dx 



(0,l)-!7'"(0,l-tQ) 



\VG{x)\^dx 



[Lip(r')Lip(p)]' 



U"^{o,i)~U'^{a,i-tQ) 



dG 



dr 



dx + 



i7'"(0,l)-C/"'(0,l-tQ) 



IVTanGWi'da; 



Also, by the definition of G, we can compute 

tg\F{x) - H{x)) = tQ'{^ou{x/\x\)-^o^ouix/\x\)) 



dG 




dr 





and 

|Vai7'"(o,|x|)G(a;)| = | Vac/"'(o,i)G(a;; 

1 - t{x) 



r(x), 



< 



< 



1 

1^ 



Va!7-(o,i)-P(a;) + -p-pVa,7m(o,i)iJ(a; 



I Va(7m(o,i)($ o ^(x/la;!)) - Va(7m(o,i)($ o $ o ^(x/la;!))! 
Lip(0 (1 + Lip(*)) \'^au"-{o,i)u{x/\x\)\ . 



Therefore, 
(11) 



X 



(7"'(0,l)~(7'"(0,l-tQ) 



|VG(a;)|2da; 



7 

{i-tQ)-'[upm+upmf [ 



g I [^ou{x/\x\)-^o<^ou{x/\x\)] dx 

(0,l)~!7'"(0,l-tQ) 



+ 



'(7"»(0,l)-i7'"(0,l-tQ) 

[C o u{x/\x\) - ^ o $ o u(a;/|a;|)]^ rfW""^ 



|Vai7™(o,i)(u(x/|x|))| da; 



(i-ig) 

Now let us estimate 



2 [Lip(e)(l + Lip($))]^ dir(w; at/'"(0, 1)). 
;in: 

/ o u(a:/|a:|) - ^ o $ o u(a;/|a;|)]^ dH""'^. 
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Let Z = 9i7"(0, 1) n {x : g(u{x),qQ) > si} 



Zc 9;7"(0,l)n <j X ; giu{x),q) > Y^:^jQ)j Theorem 2.12 in [2\ 
CdU"\0,l)n{x:\^ou{x)~q*\> 



Lip(r')(l + C2(Q)) 



C aC/^fO, 1) n <i X : 1^ o u{x) ~q*\> , — } = A. 



Therefore, 



So 



2Lip(r')(l + C2(Q)) 



(12) 



< / \^ou{x)-q*\^dH"'-^ 



\^ o u{x) - p o AVi.oi^ o u)\''dn 



2 JTjm-l 



JdU'"(0.1) 



/a;7'"(o,i) 



and 



m — 1 / 



< 



< 



2Lip(p).Lip(r')(l + C2(Q)) 



H 2 



So 



2 



|Cou(a;)- Al/i,o(eow)|^dH 



9C/'"(0,1) 



2Lip(p).Lip(r')(l + C2(Q)) 



H 2 



So 



Lip(O'dir(u;aC/'"(0,l)), 
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where the last inequality follows from [2] §A. 1.6(3). 
This permits us to estimate 



[ \£_ o u ~ i o <^> o u\^ dW"-^ 

Ja(7'"(o,i) 

Jz 

< Lip(c)^ / [g{u,^oufdn 



2 jTjm-l 



< 4Lip(0^ / G{u{x), qo) - y d7^"-i(by Theorem 2.12(4) in 0) 



si 



(because on Z,Q{u{x),qQ) > si > sq and Theorem 2.12(2) in [2]) 



<4[Lip(e)Lip(r')(l + C2(Q))]' / 

Jz 



\£,ou{x) - q*\ 
\iou{x) - q*\ - 



Sl 



2Lip(r')(l + C2(Q)) 
So 



2Lip(r')(i + c2(g)) 



<4[Lip(0Lip(r')(l + C2(Q))] 
(because sq < si) 

< 4 [Lip(C)Lip(r')(l + C^m] ' Ci [n^-\A)\ dir(^ o u- A) 

(by Theorem A. 1.6(17) in |2j and the estimate of H""^(A) in ^) 

Ci = [2-i-4/(™-i)(2/7r)2™-4+2/('"-i)(TO-l)/3(m)-i]-i' 



< C (^, $, m, Q) dir (u; ai7"(0, 1))^ ' m -T 
In summary, we have 



U^(0,l)^U"^(0,l-tQ) 



< C(e,$,m,n,Q) 



C(e,4',m,n,Q) 



tQMir(g; 9C/™(0, 1))'+^^^ + tQAiT{g-dU^{Q, 1)) 



toMir(g;af/™(0,l))^^^+ic 



dir(g;at/™(0,l)) 



< 2C(C, m, n, g) tQ dir(g; ^[/'"(0, 1)) 
= 5Qdir(.g;5C/"(0,l)), 
where (5q = 2C(^, $, m, n, (5)iQ. □ 

Remark. (1) Here is the scaled version: Assume [c, a)— almost minimi zer u E 
3^2(C/"(0,r),QQ(R")) satisfies 

dir{u;dU"'iO,r)) < r^-^^™-!^ 

then the constructed comparison function g with g = u on dU"^{0, r) satis- 
fies 

Dirig; t/'"(0, r) ~ f/'"(0, r(l - tQ))) < Sgrdiriu; ai7™(0, r)). 
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(2) The smallness assumption of dir{u; 9?7™(0, r)) can be replaced by the small- 
ness ofDiriu; C/™(0, r)). This is because we choose g € 3^2(C/"(0, r), Qq(R")) 
with g — u on dU"^{0,r). By the squeeze formula ([2\ §2.6) , we have 

2rdir{u;dU"\0,r)) = 2rdir{g;dU"'{0,r)) 

(to - 2)Dir{g; {/"(O, r)) + rDir{g: {/"(O, r))' 

< (to - 2)Dir{u; C/"(0, r)) + rDir(g; C/™(0, r))' 

50 m i/ie blowing-up analysis, by choosing a good slicing by dU"^{0,r) and 
rescaling, we can get small Dir{g;U™{0,r)y and hence the smallness of 
dir{u;dU'^{0,r)). 

Theorem 20 (Energy decay for non-strong-branch points). Let m,n>2. There 
exists a small number e — e{Q,m,n,c,a) such that any {c, a)— almost minimizer 
u £ 3^2(?/"(0,1),Qq(K")) with ^ By such that rl'"^ Dir{u;U'"{0,ro)) < e for 
some < ro < 1 satisfies 

Dir{u; t/'"(0, r)) < Cr"'-^+'^, < r < tq 
for some universal positive constants C, (3. 
Proof. Let g be the comparison function on B™(0, r), 

Dir(u; J7"(0, r)) < Dir(g, [/"(O, r(l - tq))) + 5QrA\r{g- dW^iO, r)) + cr™-2+« 
= Dir(g; C/"(0, r(l - tg))) + Sgrdiriu; <9C/'"(0, r)) + cr^^^+a 
< Dir(g, C/"(0, r(l - tg))) + ,5QrDir(u, [/"(O, r))' + cr"-2+" 
Applying the interior regularity of Dirichlet minimizing function to g\B"^{Q, r(l — tg)), 

Dir(u; {/"(O, r)) < ^"-2+2^2.13 + 5QrDir(w; C/"(0, r))' + cr^^^+a^ 
Denote = min{2cj2.i3, ce}, N ^ 1 + c, D{r) — Dir(M; [/"(O, r)), we have 

D{r) < SgrD'ir) + Nr"'~^+'^ , 



D' - 



D 



N 



-r 



> 0. 



Multiplying r~^ , 



d 
dr 



D{r) 



-1 



Therefore, 
-1 

D{r)r'^ +- 



N 



N 



m — 2+:j — 



m — 2+cj- 



5Q\m-2 + ijj - — 



^ < M 



> 0. 



D{iy 



N 



m — 2 + Ll) — — 



D(r) < M' 



1 



TV 



m— 2+LJ 



1-(5q(to-2 + w) 



REGULARITY OF DIRICHLET NEARLY MINIMIZING MULTIPLE-VALUED FUNCTIONS 23 



Letting C — max I M, 



N 



l-5Q{m-2 + uj) 
is positive since we can choose 5q small enough) finishes the proof. 



- j- , /? = min I ^ — (m — 2), j- (which 



□ 



In spirit of Morrey's growth lemma, it only remains to show Theorem[2T]to prove 
Theorem [HI 

Theorem 21. For any {c, a)— almost minimizer u, 

\immir^-"'Dir{u;U"'{x,r)) =0,Va;e C/™(0,1). 

riO 

Remark. It is well-known (e.g [13] lemma 2.1.1) that the above one holds Ti™^^ 
a.e. Also, it suffices to prove this for x = 0. 

Lemma 22 (Monotonicity Formula). If u is a {c, a)— almost minimizer, then for 
any < t < s < 1, we have 



du 
dr 



/aC/"(0,r) 

< s^-'"'Dir[u; U"\0, s)) - t^-'^Dir{u] t/™(0, <)). 

In particular, r^~~™ Dir{u; U™{0, r)) + ^™ q, ^■^'^ r" is nondecreasing in r. Hence the 
limiting 



e„(0) :=limr2-™ / \Du\'^dx 



exists. 



Proof For any < r < 1, define a function g : i3™(0, 1) Qq(M") by setting 



f{x) otherwise. 
By definition of almost minimizer, we have 

iDufdx 



C/"(0,r) 



< cr 



cr 



,m — 2-t-Q 



;7™(0,r) 

r 



\Dgfdx 



m - 2 



m - 2 



2 



-I 



iDurdx- 



C/'"(0,p) 



9u 
dr 



di-c- 



Multiplying by (m — 2)r^ ™ to both sides, 

2 





9u 


/ 


dr 



dH"'-' - (m-2)cr"-i < -|^^,(p2-"Dir(w; C/™(0, p))). 

dp 



Then integrate this from t to s. 



□ 
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From the monotonicity formula, following the standard technique (e.g. [TBj), 
we obtain a tangent map v G 3^2(S'"(0, 1), Qq(M")) of u at the origin, is a 
homogeneous degree zero Dirichlet minimizing function with 

0.(0) = 0n(O). 

From the interior regularity, v has to be constant hence 6*11(0) — 9y{Q) — 0. This 
finishes the proof of Theorem [2T] and also the proof of Theorem [Ml 

4.2. Branch set of almost minimizer. We will now produce a Dirichlet almost 
minimizer with a fractal branch set. We begin with some definitions: 

(1) A losange above an interval / = [a, 6] C M is a multiple-valued function 
u : [a,b] Q2(K) whose the graph is a parallelogram with the following 
vertices [a, 0], [6, 0], [(a + b)/2, (6 - a)/2], [{a + b)/2, (a - 6)/2] . 

(2) A pluri-losange is a multiple- valued function u : [0,1] Q2(R) which 
admits a partition of [0, 1] in intervals {Ij} such that u is a losange above 
Ij or a map of the form x — > 2[[0]] above Ij for each j. 

Figure 2 gives examples of pluri-losanges. It is clear that a pluri-losange u is 
Lipschitz with Lip(u) < -\/2 and one readily checks that a pluri-losange is a Dirichlet 
(2, 1/2)— almost minimizer. We also notice that a pluri-losange is not a Dirichlet 
quasiminimizer or an w-minimizer. 

We will now create a particular sequence of pluri-losanges {u*}. We define : 
[0, 1] Q2(K) by requiring that 

- is a pluri-losange, 

- u\l/S)^0, 

- is a losange only above [1/3,2/3]. 
We define : [0, 1] — > Q2(R) by requiring that 

- is a pluri-losange, 

- w2(l/3) = 0, 

- mMs a losange only above the intervals [1/3,2/3], [1/9,2/9] and [7/9,8/9]. 



Figure 2. The pluri-losanges u\ and u^. 

The reader will easily imagine how the remaining terms of the sequence are 
defined. By mimicking the arguments used in Section 12.21 can extract a sub- 
sequence which converges uniformly to a Lipschitz (2, 1/2)— almost minimizer u : 
[0, 1] Q2(IR) whose the branch set is the Cantor ternary set. This construction 
can also be adapted in order to obtain an almost minimizer with a fat Cantor 
branch set. 
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